[1] This study examines how the Rényi entropy statistical measure (RE; a generalization of Shannon entropy) can be applied to long-lived tracer data (e.g. methane), to understand mixing in the stratosphere. In order to show that RE can be used for this task we focus on the southern hemisphere stratosphere and the significant impact of the Antarctic polar vortex on the dynamics in this region. Using methane data from simulations of the chemistry-climate model SOCOL, we find clear patterns, consistent with those identified in previous studies of mixing. RE has the significant benefit that it is data driven and requires considerably less computational effort than other techniques. This initial study suggests that RE has a significant potential as a quantitative measure for analyzing mixing in the atmosphere. Citation: Krützmann, N. C., A.
Introduction
[2] The Earth's atmosphere is a complex system and as such requires appropriate analysis tools. Combining a high number of dynamical degrees-of-freedom with non-linear feedback processes, predicting atmospheric evolution presents a significant signal-to-noise challenge. A way of analyzing the complexity of such a chaotic system (in a mathematical sense) is the use of statistical measures [Beck and Schlögel, 1993] . Main sources of complexity within the atmosphere are turbulent mixing and associated transport. Long-lived trace gases, such as methane, are a means of detecting mixing. Methane is produced by biological processes in the troposphere, and transported into the stratosphere in the tropics [Randel et al., 1998 ]. It reaches high latitudes via a circulation that, whilst being primarily eddydriven, is qualitatively similar to the classic Brewer-Dobson model. Examining methane distributions shows where it was transported to and to what extent. The distributions of both long-lived trace gases and also aerosols can display large fluctuations at the boundary between distinct regions in the stratosphere [Trepte and Hitchmann, 1992; Plumb, 1996] . Dynamical variations in the boundary-regions have the potential to cause sudden mixing of previously separated air masses, leading to noticeable changes in tracer concentrations. We aim to use the Rényi entropy (RE) statistical measure to analyze these tracer dynamics and hence to analyze mixing in the atmosphere.
[3] While the most common way of analyzing mixing is by examination of trajectories of chemical tracers from measurements, or of air parcels from simulations [e.g., Haynes and Shuckburgh, 2000] , probability distribution functions of tracer concentrations offer an alternative point of view [Sparling, 2000] . Particularly for long-term forecasts, where predictions on a daily scale are likely to be inaccurate anyway, statistical mean and trend analysis via PDFs is much less computationally demanding than large scale trajectory simulations. The Shannon entropy, one special case of Rényi entropy, has been successfully used for analysis of climate data by Knuth et al. [2005] .
[4] The following section describes RE, its properties and its applicability. Section 3 discusses the application of RE to data from chemistry-climate model (CCM) SOCOL [Egorova et al., 2005] simulations. The results are presented in section 4 and contrasted with the results of using the better known Shannon entropy. In section 5 we discuss these and compare them to the results of previous studies that use different methodologies for analyzing atmospheric mixing. Due to the significant impact of the Antarctic polar vortex, we focus on the southern hemisphere stratosphere, where we expect to find characteristic patterns, similar to the ones found by Haynes and Shuckburgh [2000] , Allen and Nakamura [2001] and Lee et al. [2001] . Section 6 concludes our analysis and describes possible shortcomings of this study that will be addressed in future work.
Rényi Entropy
[5] RE was introduced by A. Rényi as a generalized form of the Shannon-information-entropy [Rényi, 1961] . It can be defined as:
where p i are the probabilities of certain states i of an evolving system. These probabilities are derived from a histogram p i (b, N) of N data points, using b bins of equal width. a is the exponent of the Rényi entropy. For the values a = 0 and a = 1 the RE is mathematically equivalent to Hartley entropy and Shannon entropy, respectively. When using Shannon entropy for our analysis, the results are less detailed, as the dynamic range (range of values of the entropy) is significantly reduced. Therefore, we decided to use a = 2, our preference for which is examined in more detail later (see section 4). With respect to higher values of a, RE is a decreasing function [Beck and Schlögel, 1993] and therefore does not intrinsically provide any additional information, except that strong peaks in a distribution become emphasized. Accordingly, structures identified in the following analysis can still be recognized when using higher values of a, but are less concise and appear noisier. Hence, our studies suggest that the value a = 2 provides the most useful bin-weighting.
[6] RE is based on the occurrence-rate (or probability) p of values within a data set. It describes the complexity of the probability distribution function (PDF) of the data, approximated by the histogram p i (b, N). As this does not take into account the order of the data points, RE is suitable for use on non-temporal data sets. This is very useful when working with climate data, e.g., for zonal averaging.
Data and Methodology
[7] Daily gridded data are obtained from a control integration of the SOCOL CCM [Egorova et al., 2005] . The CCM has a spectral resolution of T30, with 39 vertical levels spanning the model atmosphere from the surface to 0.01 mBar. The MEZON chemistry component of the SOCOL model simulates 41 chemical species, with 118 gas phase, 33 photolysis, and 16 heterogeneous reactions. The present study utilizes methane (CH 4 ) mixing ratio data (in ppm) for the years 1980 and 1981, based on data availability at the time of the analysis and because methane is a representative long-lived tracer [Randel et al., 1998 ].
[8] An optimal binning algorithm is used to estimate the probability density function of equation (1) [Knuth et al., 2005] . Monte-carlo simulations indicate that the technique requires a minimum of 100 -150 data points to provide stable values, making RE applicable to relatively small data sets. However, we used values well above this value (>900).
[9] The number of histogram bins, b, is determined by the optimal binning algorithm. All REs (independent of a) are maximal when all probabilities p i are equal [Beck and Schlögel, 1993] , thus, from equation (1), the maximum entropy is simply ln(b). In order to be able to compare the RE calculations from different distributions, we standardize each RE by its maximal value, thereby obtaining a comparable, relative measure. Equation (2) shows RE in the form used for the calculations described in section 4.
[10] The daily mixing ratio of methane (in ppm) was calculated at every grid point (96 points in longitude and 48 in latitude). PDFs for each latitude are estimated using a moving 10-day window, by using all data points around the respective circle of latitude and also the values of the previous 9 days. Thus, we calculate RE as a zonal ''10-day-PDF'' (RE z10 ). While this causes a certain degree of smoothing, we believe it to be a useful approach, as large scale mixing processes are likely to occur on a time-scale of several days. This time-scale is much shorter than the chemical lifetime of methane. Therefore, we can assume that the majority of the distribution is associated with transport and mixing.
[11] The PDFs were not weighted according to latitude. While this is necessary when creating and analyzing global PDFs (as one model grid-point corresponds to a larger area at lower latitudes) we do not directly combine data across latitudes, but only use data points of identical latitude to create each PDF from which a single value of RE is derived. While this might lead to increased 'smoothness' of the PDFs at high latitudes, it will not change the relative proportions of the distribution as a whole. Hence, the value of RE should not be affected significantly by the denser sampling of the high-latitude regions, making latitudinal weighting unnecessary.
[12] We have tested this by removing random data points at every latitude, so that the remaining number of points is proportional to cos() ( = latitude). As expected, the resulting structures (not shown) are almost identical to the ones from calculations using all data points. Slightly noisier patterns at very high latitudes (75°S À 85°S) are due to the number of remaining data points dropping below 150.
[13] Furthermore, while an advocated benefit of global scale PDFs is ''that they are less sensitive to outliers and hence to the effect of intrusions'' [Shepherd, 2007] we use PDFs that are 'localized', at least in latitude, and whose shape therefore is particularly affected by intrusions. It is this distortion of the PDFs by dynamic changes that we exploit to infer transport properties, as their presence or absence are an indicator for mixing processes.
Results
[14] Figure 1a shows RE z10 derived from methane distributions representative of conditions associated with 1980. Calculations are performed on the 10 mBar pressure level. Superimposed contours represent zonal wind values. During the Antarctic autumn, winter and early spring, a band of high RE z10 (60°S À 70°S) separates intermediate values at mid-latitudes from lower values at southern high latitudes (70°S À 80°S). The maxima of zonal wind speed are seen to be co-located with regions of high entropy. The northern polar regions (not shown) display a much weaker seasonal evolution of entropy partitioning. This is probably explained by the weaker and more distorted boreal polar vortex, which allows significantly more mixing with midlatitude air.
[15] Figure 1b shows the results when using a = 1 (Shannon entropy) for comparison. While the same large scale structures can be identified they appear rather broad, and detailed structure is lost. This is due to a significant reduction of the dynamic range, e.g., at the 10 mBar level considered the values of RE z10 lie between 1 and 0.15, while the Shannon entropy covers values between 1 and 0.3. The reduction of the dynamic range is on the average about 20%. We decided to use a = 2, because the higher dynamic range makes it is more sensitive to small changes in the PDFs and hence to smaller scale dynamics. While the range can be further increased by using even higher values of a, the gain in range is less substantial and the results (not shown) appear strongly fragmented, thereby loosing some of the large scale structure.
[16] The ''white band'' in Figure 1 , at the center of which we believe to be a mixing barrier (see section 5), can be identified more clearly in the seasonal-average cross sections given in Figure 2 . RE was calculated by using the full zonal data for each month (RE zm ) and subsequent averaging over a season (3 months). Figure 2a shows strong entropy gradients in austral winter (June, July, August; 1980),
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associated with the structure of the polar night jet. In contrast, Figure 2b shows weak entropy gradients in austral summer (December, January, February; 1980 -81) , these being associated with the weaker summer easterly winds.
Discussion
[17] RE can be considered to be a measure of the inhomogeneity of a dynamical system [Bialas et al., 2006] . The strong polar vortex in the southern hemisphere leads to significant inhomogeneity in the large scale distribution of stratospheric tracers [Haynes and Shuckburgh, 2000] . The vortex-edge separates the cold polar winter air from warmer mid-latitude air. Its intensification in austral autumn severely restricts meridional mixing, thereby creating a gradient in tracer concentrations [Sparling, 2000] . This isolation ultimately also contributes to the magnitude of the Antarctic Ozone Hole [Lee et al., 2001] .
[18] Figure 2 also has mean methane contours (in ppm) superimposed (black). In summer (Figure 2b ), these display a simple layering of methane mixing ratio contours with a tendency to lower values at high latitude, while the winter distribution ( Figure 2a) shows a distinctive cascaded pattern with three main levels of mixing ratio. This is in accordance with the common separation of the atmosphere into summer hemisphere, tropical region, ''surf zone'', and polar vortex [Plumb, 2002] . It also agrees with the previous work mentioned in section 1, which indicates that methane reaches the stratosphere in the tropics and is transported poleward from there. This suggests that the methane dynamics underlying our entropy calculations are reasonably well simulated by SOCOL [see also Egorova et al., 2005] . Figure 1 . Time-latitude filled contour plots of (a) RE z10 with a = 2, and (b) RE z10 with a = 1 (Shannon entropy), derived from SOCOL methane data (representative of 1980 conditions) in the southern hemisphere with zonal wind contours in m/s (white contours are westerly) at 10 mBar (%31 km altitude). A band of high RE z10 (60°S À 70°S) and a band of low RE z10 (70°S À 80°S) can be identified in both images during austral winter and early spring. The colour range was set to be equal in both images, in order to improve the grayscale contrast. The actual dynamic ranges are different, as mentioned in the text.
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[19] The strongest gradients in methane concentration coincide with areas of high RE zm , corresponding to relatively uniform PDFs, which we associate with unmixed air masses. While these are not the only regions of high entropy, they are the most salient and persistent features, indicating that RE can be associated with atmospheric transport.
[20] Other potential sources of changes in RE are spontaneous transport of air masses to higher latitudes by planetary waves, or turbulent processes on a smaller chemical scale, e.g., at very high altitudes where the mixing ratio is low. The latter could be the reason for the area of high entropy at high latitude and altitude in summer (Figure 2b) . Here, the concentration of methane is particularly low (note the 0.2 ppm contour, which is not visible in the winter distribution). Associated variations are on such a small scale that the high entropy could be caused by problems with either the SOCOL model or the optimal binning algorithm. This issue will be subject of further investigation.
[21] In order to determine whether the other discovered patterns are realistic and not artifacts originating from the workings of the SOCOL model, we have also calculated RE z10 using MLS satellite measurements of nitrous oxide (N 2 O), a tracer with properties similar to methane. The results show similar structures to the ones mentioned above, but particularly the high entropy band at high southern latitudes is significantly weaker (not shown). This differentiation may be attributed to the effects of a model cold-pole bias, a common deficiency in CCMs [Eyring et al., 2006] . Stronger meridional temperature gradients than those observed, lead to an intensification of the polar vortex and an associated reduction in meridional mixing. Nevertheless, a qualitative comparison of the patterns shows that the RE z10 and RE zm structures are reasonable and not simulation artifacts.
[22] Comparison of our results with previous studies that have attempted to quantify mixing in the Antarctic stratosphere allows us to examine the utility of RE. With respect to mixing, Lee et al. [2001] distinguish two parts of the Antarctic polar vortex -the vortex-core and the vortexedge. Air in the vortex core is well mixed but isolated from air at lower latitudes by the vortex-edge region. This edge region restricts mixing between high-and mid-latitude air, is particularly unmixed itself, and is associated with very strong zonal winds. The ''white band'' (high RE z10 ) at the center of the strongest winds in Figure 1 , strongly resembles the region of low equivalent length which characterizes the vortex-edge in Figure 1 of Lee et al. [2001] . The similarity suggests that we can identify this region with the vortexedge. This is underlined by the findings from Figure 2a . It shows that the band of high RE z10 extends over a large range of altitudes during austral winter, as does the polar vortex. During summer (Figure 2b) , there is no polar vortex acting as a mixing barrier. Accordingly, the patterns are, on the average, more complex and no structure similar to that in Figure 2a can be found.
[23] Furthermore, examination of Figures 1 and 2 shows a band of high values at lower latitudes, which separates tropical from mid-latitude air. This is in accordance with previous studies that have highlighted the existence of a ''tropical pipe'' region of isolated air at the equator [Trepte and Hitchmann, 1992; Plumb, 1996] , and is underlined by the methane gradient that can be seen in this area in Figures 2a  and 2b . More recently, Neu et al. [2003] have discussed this boundary in more detail. While our focus is on the polar regions and we use very different data sets than these studies, we note that their results show similar seasonal variations and altitudinal structure.
[24] The L-shaped region of intermediate RE z10 north of the ''white band'' in Figure 1 compares well with a similarly shaped area of high effective diffusivity in the bottom figure of Plate 4 of Haynes and Shuckburgh [2000] , relating to the distinctness of ''surf zone'' and vortex until vortex breakup. The separation of air masses between high-and midlatitudes, and the merging of them at the end of the year, can be clearly seen in both figures. In addition, these patterns agree well with the findings of Allen and Nakamura [2001] and Garny et al. [2007] , who use equivalent length and Lyapunov exponents, respectively.
[25] Although such approaches for analyzing mixing are very different and significantly more computationally demanding than the derivation of RE, we find dynamic patters similar to all these studies. Therefore, we believe that RE is potentially a promising tool for analysis of mixing in climate model data.
Conclusion and Future Work
[26] We applied the RE statistical measure to methane fields from runs of the chemistry-climate model SOCOL, focusing on the southern hemisphere, and were able to identify mixing patterns similar to those reported by Haynes and Shuckburgh [2000] , Allen and Nakamura [2001] and Lee et al. [2001] .
[27] While we get comparable results when using Shannon entropy (a = 1), we find that results with a = 2 offer the best compromise between large scale consistency and sensitivity to small scale variability. RE is well suited for analyzing changes in the PDFs of all kinds of data, such as zonal 10-day (RE z10 ) and monthly (RE zm ) tracer fields. The results clearly show the separation of high-and mid-latitude air masses in the Antarctic stratosphere, associated with the strong polar-vortex in winter and early spring. Our analysis shows, RE has an advantage over previous techniques because it is data driven and requires significantly less computational effort.
[28] We now aim to improve our understanding of mixing in the atmosphere by applying RE to observational data of other tracers and comparing them with more SOCOL model simulations. In order to make these comparisons we will transform our model data into potential temperature and equivalent latitude coordinates. While these coordinates are very common for studies of atmospheric dynamics, we decided to use pressure and latitude for this initial analysis, as the derivation of the ''dynamic'' coordinates introduces further uncertainties to the model data, e.g., through multiple interpolation [Randel et al., 1998 ]. Although some uncertainties, such as offsets, are unlikely to effect REit depends solely on the probabilities of certain values, not the values themselves -others, such as variations on a very small scale (e.g., at high altitude), seem to cause unusually high values of RE. The reasons for this will also be a matter of further investigation.
